Vibratory micro rate integrating gyroscopes (MRIG) 
INTRODUCTION
Z-axis micro rate integrating gyroscopes are sensing devices that are used to measure the angular rotation of the base on which they are mounted. The principle behind the working of any gyroscope is popularly known as the 'gyroscopic effect'. In the case of vibratory type mechanical gyroscopes, the vibrating mass is set to oscillate along a line and as the base rotates the inertia of the vibrating mass holds back the line of vibration with respect to the inertial frame of reference (X ′ −Y ′ coordinate frame), resulting in an apparent precession of the gyro relative to the rotating frame of reference (x ′ − y ′ ). It is this precession of the line of vibration, as seen from the (x ′ − y ′ ) rotating frame that enables us to measure the angle of rotation of the rotating base. From a resonator point of view which is the case here, the resonator acts as * Address all correspondence to this author. the replacement to the 2-dof system described above. The N = 2 mode of the gyroscope (the first in-extensional mode of the gyroscope) has two distinct normal modes. The vibration in one of the normal modes is transferred to the other normal mode due to the Coriolis acceleration that couples the two normal modes in the presence of a nontrivial angular rotation rate. In practise, such an ideal device is difficult to build because of manufacturing imperfections which induce frequency mismatches between the two modes, non-diagonal stiffness terms and damping terms (both diagonal and non-diagonal). These mismatches degrade the performance and cause a non ideal elliptical motion, generally known as quadrature error, as well as an erroneous precession rate [1, 2] .
Force balancing adaptive control schemes have been proposed in [6] - [8] to cancel the effect of mismatches and attain ideal gyro operation. Previous works like [1] and [2] , discuss the complications that arise as a result of such mismatches. The schemes developed so far [3] - [8] cannot simultaneously compensate and attain the correct precession rate, which remains a hurdle in terms of the precession measurement being interrupted. Here we present a self-tuning control strategy that asymptotically achieves mismatch compensation and the correct precession rate with a improved convergence rate.
In the next section, we introduce the 2-dof dynamic model of a gyroscope. To the best of our knowledge, none of the previous work [1, 3, 5] has described the dynamics of a z-axis gyroscope in terms of the angular momentum, the quantity which is the inner product of position and linear momentum vectors, the Lagrangian and the energy, which will be respectively denoted by the symbols h, p, L and e in this paper. This description in terms of the variables h, p, L and e is pivotal in identifying the correct measure of quadrature (phase difference in the motion of the two independent modes). We then utilize a similarity transformation to express the dynamics in terms of a second set of dynamic variablesh,p,L and e.
Contrary to the conventional belief, the quantityh (Eq. (1)), which remains constant under a constant external angular rate Ω, turns out to be a better measure of the undesirable quadrature than angular momentum h. We then show that the condition for attaining the correct precession rate with minimal quadrature is by settingh to zero. In the section entitled 'control algorithm' we introduce a self-tuning control algorithm that comprises an energy conservation control term, a quadrature minimization control term (also for feedback stabilization of precession) and control terms for mismatch compensation. A Lyapunov stability analysis is used to show the stability and convergence properties of the feedback system. It is shown that, if an artificial additional constant angular rate is introduced, the self-tuning algorithm allows the gyroscope to asymptotically precess at the correct rate, with minimum quadrature, while compensating for all stiffness and damping mismatches. MATLAB simulation results for realistic gyroscope parameters are also presented, which verify the conclusions obtained from the stability and convergence analysis.
DYNAMIC MODELING
An ideal vibratory type mechanical gyroscope is functionally similar to the schematic shown in Fig. 1 in terms of the governing dynamic equations. The equations are written in the rotating reference frame (x ′ − y ′ frame) fixed to the base of the gyroscope (Eq. (2)).
Where x ′ and y ′ are the x-coordinate and y-coordinate of the gyroscope's motion measured in the frame of reference fixed to the base, rotating at a constant angular rate Ω ′ about the z ′ axis in Fig. 1 . For a resonator, Eq. (2) corresponds to the N = 2 mode of the resonator and is sufficient to describe the gyroscope dynamics in an operating scenario. Dividing Eq. (2) throughout by M we get,ẍ
The quantity ω = (K/M) gives the resonant frequency for the N = 2 mode of the gyroscope. For convenience, we work with a non-dimensionalized model where the independent variable time t ′ is scaled by the factor ω, in which case the nondimensionalized time scale relates to the actual time scale as t = ωt ′ and the position coordinates x ′ and y ′ are scaled by the length scale l o to x and y respectively. By doing so, Eq. (3) is non-dimensionalized as follows,
The idea behind building a practical device that is governed by Eq. (2) is based on what is called the 'gyroscopic effect' that enables us to measure the rotation angle of the rotating base. The vibrating mass is initially set to oscillate along a line and as the base rotates, the inertia of the vibrating mass holds back the line of oscillation with respect to the inertial frame of reference (X ′ − Y ′ coordinate frame) and the apparent precession in the (x ′ − y ′ ) frame of reference enables us to measure the angular rotation of the rotating base. For a typical MEMS resonator gyroscope, the nominal resonance frequency is given by ω = 20π10 3 rad/s, while the nominal constant angular rate is typically Ω ′ ≈ 157rad/sec. Therefore, the normalized angular rate is quite small Ω ≈ 0.001.
A realistic gyroscope equation would have damping and additional stiffness like terms, due to stiffness mismatch between the two axes and non diagonal stiffness terms, as shown in Eq. (5) . The damping matrix is assumed to be symmetric since otherwise the skew-symmetric part of the damping matrix would be indistinguishable from the Coriolis acceleration. The control action is supposed to cancel the mismatch matrices D and R = (K − I), so that the ideal gyroscope behaviour is attained. τ c is the control action, which will be defined subsequently. If the mismatches are left uncompensated, the resulting gyroscope behavior motion will involve non ideal elliptical motion, generally known as quadrature error, as well as an erroneous precession rate.q
The proposed control force has five terms, the energy conservation term, the quadrature minimization control term, the adaptation/compensation terms that cancel the stiffness and damping mismatches and the term that induces an artificial precessionΩ.
Expressions for the terms f CE and f QC in Eq. (6) will be derived in the Control Law section of this paper. Inserting the control τ c in Eq. (6) into Eq. (5) and rearranging terms results in Eq. (7). The artificial precession induced by the control force together with the input angular rate Ω i , appears as the net Coriolis acceleration 2ΩSq. As will be subsequently explained, the artificial precession rateΩ is required to ensure persistence of excitation in order to uniquely identify all mismatch elements in the matrices R and D and to asymptotically attain the ideal gyro dynamics described by Eq. (4), with the gyroscope precessing at the correct precession rate Ω =Ω + Ω i and minimal quadrature.
The term τ in Eq. (7) must converge to zero in order for the gyro dynamics to converge to the ideal gyroscope dynamics in Eq. (4). Equation (8) defines the dynamic variables h, p, L and e in terms of q andq.
Using Eq. (7) and Eq. (8), the governing equations in the h,p,L and e coordinate system are given by,
If the control law τ c achieves perfect mismatch cancellation such that τ = 0, the ideal gyroscope dynamics given by Eq. (4) is attained. In this case Eq. (9) reduces to,
Note that the skew symmetric matrix A in Eq. (10) is guaranteed to have the non-trivial vector v p = 1 0 Ω T in it's null space.
Therefore, the integration ofṙ = Ar results in a solution that revolves around v p without any change in magnitude. This suggests that there exists a linear combination of h, p and L that is also conserved. Consider the similarity transformation given by Eq. (11),
The conserved quantity can be identified by transforming the systemṙ = Ar to a second set of equations (Eq. (12)) using the similarity transformation T (Eq. (11)), comprising the eigenvectors of A arranged column wise.
Notice that for MEMS gyroscopes, Ω 2 << 1 and β ≈ 1. For
which implies thath = h + ΩL is conserved for an ideal gyroscope under constant angular rate input (Eq. (4)). Moreover, for 
This solution corresponds to the solution of an ideal gyroscope Eq. (4), leading us to draw certain conclusions helpful in formulating a control strategy. Let's look at the angular momentum h more closely. The constant termh o β in h determines the unwanted excess quadrature, while the sinusoidal term Ω
corresponds to the quadrature that is necessary for the gyroscope to precess at the ideal precession rate Ω. In previous works, quadrature was controlled by reducing the magnitude of h, in an attempt to minimize the average magnitude of h(t) (e.g. [9] ). As can be seen, this would reduce the magnitude of sinusoidal component of h and hence would affect the precession rate as well. On the other hand, minimizing the magnitude ofh does not affect the sinusoidal component of h that produces the correct precession rate. Hence, we propose in this paper that |h| is the appropriate measure of the undesirable quadrature that should be reduced and not |h|. As a consequence, we can conclude that the control law for quadrature control should drive the quantity |h| to zero. Figure 2 and Fig. 3 show the response of an ideal gyroscope when |h| = 0 and |h| > 0 respectively. Figure 3 reveals that the undesirable quadrature manifests as the minor axis of the precessing ellipse in comparison to the response in Fig. 2 . 
CONTROL ALGORITHM
In this section we will determine expressions for the control forces f CE , f QC and the adaptation laws forR andD in Eq. (6), such thatR
, e 0 = desired energy level andh → 0. These objectives when met guarantee ideal gyroscope behaviour at the correct precession rate with minimal quadrature. We will use Lyapunov stability analysis to derive the control and adaptation laws and then show that e e → 0 followed by a proof of convergence to zero of the mismatch estimates andh → 0.
Quadrature control based onh requires knowledge of Ω which is contradictory, since knowing Ω precludes the necessity of the gyroscope itself. A possible way of overcoming this contradiction is by estimating Ω (we will call the estimate of Ω asΩ =Ω +Ω i , whereΩ i is the estimate of Ω i ) and using h * = h +ΩL, the estimate ofh to control quadrature. Once the parameters converge, so would the error in the estimate of Ω i and therebyh * converges toh resulting in the use of the correct quadrature control. To estimate Ω i we cannot introduce a force balancing term for the Coriolis acceleration since that would nullify the precession. We introduce an error term e h = h −ĥ, wherê h is the estimate of the actual angular momentum, as produced by an adaptive observer (Eq. (15)), in the Lyapunov function which would enable us to estimate Ω i without having to introduce a force balancing term in the dynamics of the gyroscope. The adaptive observer forĥ is given is given by Eq. (15). 
The following theorem states the conditions, the control scheme and the adaptation laws for mismatch compensation that guarantees local asymptotic convergence.
Theorem 1:
Given the constants e 0 ( = 0) andΩ and the conditions,
the energy conservation and quadrature minimization control forces,
and the adaptation laws,
τ R = γ e e eq + γ eh e h q s τ D = γ e e eq + γ eh e h q s τ Ω = γ eh e h q s (19) guarantee that, e e → 0,h → 0
proof: Proof for this theorem is the combination of Lemma 1 and Lemma 2.
Theorem 1 guarantees that the ideal gyroscope behaviour with the correct precession rate and minimal quadrature is asymptotically attained. The control scheme is self-tuning in the sense that once the mismatches reappear, the algorithm takes a corrective action. The proof, as stated above, is split into lemma 1 and lemma 2.
Lemma 1:
Assuming R = constant matrix, D = constant matrix, Ω i = constant and either q(0) = 0 orq(0) = 0, the energy conservation control force and the quadrature minimization control force given by Eq. (18) and the adaptation laws given by Eq. 19, guarantee that,
This completes the proof of Theorem 1 and hence the proof that the control algorithm is self-tuning and achieves the ideal gyroscope behaviour with the correct precession rate and minimal quadrature asymptotically. Figure 4 shows the reduction in precession rate as a function of the quadrature control gain γ h when using the control law
Simulation Results
instead of the control law f QC in Eq. (18), although the reduction factor is independent of the angular rotation rate Ω. A similar exercise when controlling |h| revealed that the reduction factor always remains at 1 with respect to variation in quadrature control gain, verifying our claim thath is the appropriate measure of the undesirable quadrature. On the other hand, the quadrature compensation control Eq. (21) does not require the estimation of the input angular rate Ω i as the quadrature compensation control f QC in Eq. (18) does. Simulations using the gyroscope model described by Eq. (7) and the self-tuning control algorithm from Theorem 1 were carried out in Matlab using realistic gyroscope mismatch parameters. The simulation parameters are given in Eq. (22).
In all the simulations, the initial conditions of the estimateŝ R,D andΩ i were set to zero. Note that the origin in the (q,q) space is an equilibrium point of the closed loop system implying that the closed loop system can never be globally asymptotically stable. Hence the implementation of this control scheme requires an initiating force like an impulse. Figure 5 shows the steady state response of the gyroscope and note that it has all the attributes of an ideal gyroscope precessing with minimal Fig. 7 and Fig. 8 show the convergence of e e ,h,R,D andΩ to zero. Figure 9 shows the plot of the desired angle of precession and the measured angle of precession assuming that the measurement starts from 0.2 s. The transients before 0.2 s does not track the angular rate Ω and introduces a bias in the measurements, if measurement of the angular rotation of the base are made from t = 0. We need to appreciate that attaining the correct precession rate from t = 0 is never possible in the presence of mismatches and the best any control scheme can do is to minimize the wait time before start of measurement, but only at the cost of large control forces. For Ω = 0.01 the control force is bounded by 800 nN (assuming M = 7.510 −9 kg, l 0 = 1µm and ω = 20π10 3 rad/s) and is practically feasible. Note that the magnitude of the steady state control force is proportional to the induced precession rateΩ. In the proof for lemma 2 (refer Appendix B), it is shown that largerΩ achieves quicker convergence implying that there is a trade-off between the above mentioned wait time and the magnitude of the control effort at steady state, which is primarily determined by the precession rate. 
Conclusion and Future Work
This work presented an analysis of the gyroscope dynamics using the energy, the angular momentum, the Lagrangian and the inner product of position and velocity vectors as the dynamic variables. It was then argued that the more appropriate quantity for minimizing quadrature is a linear combination of h and L i.e. h = h + ΩL. The self-tuning control algorithm was stated and proven to asymptotically attain the ideal gyroscope behaviour at the correct precession rate and minimal quadrature provided that the initial condition for position, velocity and the mismatch estimates are such that V (0) is within a bound, determined by the precession rate of the gyroscope. It was then argued that attaining the correct precession rate from t = 0 is infeasible in the presence of mismatches and the trade-off between convergence rate and control force in the steady state, which is primarily determined by the precession rate, was highlighted, suggesting quicker convergence can only happen with more control effort.
Further work involves exploring the possibilities for improving the convergence rate without much increase in control effort from the current level. Also we assumed that the base rotation rate and the mismatches do not vary with time. A model for time variation of the mismatches and the corresponding control scheme that achieves the desired steady state properties needs to be derived. Also we need to analyse the stochastic properties of the control algorithm in the presence of noisy measurements.
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Using f CE = −γ eẽq ,q T f QC = 0 and adaptation laws (Eq. (26)), V = −(γ e e e ) 2qTq − (γ eh ) 2 (e h ) 2 ≤ 0. Using Barbalat's lemma we can then show that as t → ∞,V → 0 ⇒ e → e 0 , e h → 0. Then Eq. (16) implies that, 
